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ABSTRACT

In the hybrid  simulator, the integration of the continuous and the discrete behaviour leads to delayed
initial state calculation and possibly multiple discrete
sub-phases within one discrete phase. In a sub-phase
processes evolve independently, using a local copy of
the last consistent continuous state, which simpli es
reasoning about them. In the paper the algorithm
implemented by the  simulator is described and is
illustrated with an example.

1 INTRODUCTION
Hybrid systems exhibit a mixed discrete/continuous
behaviour. On the one hand, they behave according
to a discrete model which describes how actions are
executed during the discrete phases. This is speci ed
in  in a CSP [Hoare, 1985]-like parallel language. On
the other hand, the continuous state of hybrid systems changes according to a continuous model which
describes, how the values of the continuous variables
are calculated from the continuous state speci cation.
The latter one is given in  in the form of equations.
The two models are not independent; discrete actions
can change the continuous state, and the values of the
continuous variables can be used in discrete actions,
thus altering the discrete behaviour.
In order to fully specify the behaviour of a hybrid
system, the two models need to be integrated. The
integration is realized by specifying the semantics of
the interactions and by describing the evolution of
the discrete and the continuous states relative to each
other.
This paper describes the integration of the discrete
and the continuous models in the  simulator. First,
the continuous model is introduced. Then, this model
is integrated into the discrete model, leading to delayed initial state calculation, and division of the discrete phase into sub-phases. The kernel algorithm

implemented by the  simulator is presented with an
illustrative example.

2 THE  LANGUAGE

The  language is a hybrid speci cation language
that has been designed for modelling discrete-event,
continuous-time and hybrid systems. The language is
de ned with the aid of symbols. These are replaced
by ASCII equivalents when models are entered into
the simulator.
A  model consists of a xed set of processes running concurrently. Processes can be connected by
channels, which is the only means by which they
can in uence each other's behaviour. Channels connect pairs of processes. Discrete channels are used
for point-to-point synchronous data communication.
Continuous channels connect continuous variables
and establish an equality relation between them. Hierarchy is achieved by grouping processes into systems, that specify a xed connection layout of the
contained processes and subsystems.
A process can have a discrete and/or continuous
behaviour speci cation.
proc name(parameter declarations)=
j[ variable declarations
; initialization j links
j DAEs j discrete-event statements
]j
The continuous-time behaviour is given in the form
of Di erential Algebraic Equations (DAEs). The
DAEs are given in a general form
g(x_ ; x; y; t) = h(x_ ; x; y; t)

(1)

which allows cyclic dependency among variables. If
equations vary depending on the state of the system (which often indicates a discontinuity) conditional equations are used. At any time in the course
of the simulation, the enabled conditional equations
together with the unconditional equations form the
valid set of DAEs.
The discrete-event behaviour is described in a CSP
-based concurrent programming language. This al-
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lows sequential, conditional and repetitive composition of actions.
Variables used in a  model are either continuous
or discrete. Continuous variables represent the system dynamics; those that occur di erentiated in the
DAEs are the di erential variables, while others are
the algebraic ones. The values of continuous variables are calculated from the DAEs; assignments to
them (denoted by the symbol ::=) determine their
value only for the current point in time. The values
of discrete variables on the other hand are determined
by assignments; they hold their values between two
subsequent assignments.
Simulation of a  model can be described as an alternating sequence of continuous and discrete phases.
In the continuous phase the simulation time advances
and the valid set of DAEs is solved. A discrete phase
is launched when the discrete body of some processes
becomes active and it lasts until all discrete process
bodies are inactive. In the sequel, a process is said to
be active or inactive/blocked when its discrete body is
active or inactive. To activate or deactivate processes
the following kinds of event statements are used:
1. time-out statement or so-called delta statement:
a process executing a statement 4s; where s is
an expression of type real, becomes blocked for s
time units. The time-out of a blocking 4 statement is the time point when the process becomes
active again.
2. state-event speci cation or so-called nabla statement: a process executing a statement rc; where
c is a boolean expression (so-called state-event
condition) involving at least one continuous variable becomes blocked until c becomes true.
3. discrete communication and synchronization:
suppose process P1 is connected to process P2
with channel a. P1 initiates a communication by
sending the value of expression e along channel
a in statement a ! e. Execution of this statement
blocks P1 until P2 executes a receive action a ? y,
where y is a variable in P2 . Communication can
be initiated by a receive action as well. Synchronization is a special kind of communication,
where no data is exchanged.
The selective waiting statement ([GW ]) is used to
allow a process to specify a number of events to wait
for. It is denoted by
[ b1 ; E1 ! S1 [] : : : [] bn; En ! Sn ]
The boolean expression bi (1  i  n) denotes a
guard, which is open if bi evaluates to true, and is

closed otherwise. An event statement Ei is enabled,
if its guard is open and the event can actually take
place. ( A time-out statement 4s; can actually take
place when s seconds have passed). If there are open
guards, execution of the process is blocked until one
of the event statements is enabled. If more statements are enabled, priority rules decide which one is
selected. Subsequently, the statement Si associated
with the selected event statement is executed. Repetition of a statement [S ] is denoted by *[S ].

3 CONTINUOUS MODEL
The problem solved by hybrid simulators in continuous phases can be formulated as
f (x_ ; x; y; t) = 0

(2)

where x 2 Rn is the vector of di erential variables;
y 2 Rm is the vector of algebraic variables, t 2 R is
the independent variable and f 2 R2n+m+1 ! Rn+m
is the set of DAEs [Barton and Pantelides, 1994].
Let Ik denote the time interval of the kth continuous phase (k  1) and tk 1 and tk be its boundaries:
Ik = [tk 1 ; tk ]: In this domain the equations have the
form f (k) 2 R2n+m+1 ! Rn+m : Equation (2) in the
kth continuous phase takes the form
f (k) (x_ (k) ; x(k) ; y(k) ; t) = 0

t 2 [tk 1 ; tk ] (3)

The solution to (3) (x(k) ; y(k) ) is the value of the
continuous variables over Ik .
At time point tk (k  1) a discrete phase takes
place, and the discrete body of the processes are executed. If variables (discrete or continuous) that occur
in the equations are assigned, the equations may become inconsistent and a consistent initial state may
need to be re-established. In fact, within one discrete
phase a series of initial state calculations can take
place. In order to incorporate this into the above
model, the discrete phase at time tk is divided into
jk 2 N sub-phases. Each sub-phase is enclosed between two initial state calculations as shown in Figure
1.

3.1 Initial state calculation

In the kth discrete phase, jk initial state calculations
take place. At the end of the ith sub-phase (i 2 [1; jk ])
the following equation is solved.
f (k)(i) (x_ (k)(i) ; x(k)(i) ; y(k)(i) ; tk ) = 0

(4)

3
f

two valves must be either both on or both o . This is
controlled by a control unit as depicted in Figure 2.
An intermediate state, where one valve is on and the
other one is o may not be desirable to be established.
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Figure 1: State calculations in 
The initial state calculation starts with the identi cation of the valid set of DAEs i.e., f (k)(i) . Then
these equations are solved for the algebraic variables
and the time derivatives of the di erential variables
taking the di erential variables as known. It implies
that (4) is solved for x_ (k)(i) and y(k)(i) . At the end
of the last sub-phase f (k)(jk )  f (k+1) is calculated.

3.2 Integration of the continuous and
the discrete model

In the  language, the discrete and continuous models are integrated by specifying the evolution of the
continuous state relative to the discrete one. The
beginning and the end of the continuous phase have
already been speci ed. What is left, is to de ne the
moment when the initial state is calculated.
A possible choice (made by several other hybrid
language developers, e.g. [Barton, 1992]) could be to
re-calculate the state immediately after it becomes
inconsistent. In the  language, however, immediate
state re-calculation is not adopted for the following
reasons.
First, it would require the modeller to specify by
means of special language elements that a discontinuity occurs that requires the state to be recalculated. If such language constructs are not used, state
consistency should be checked after each assignment
statement which is very inecient.
Second, immediate state re-calculation may lead to
undesirable intermediate states if related discontinuities occur in di erent processes at the same time.
Consider, for example, a piping system where two
valves are used to select an alternative routing. The

Figure 2: Pipe system with alternative routes
The third problem with immediate state recalculation arises because processes are executed concurrently. While one process may trigger an initial
state calculation, other processes can refer to their
connected variables that are subject to change as a
result of the initial state calculation. This has to be
prevented, or else a scheduling dependency is introduced in the outcome of the simulation.
To prevent the above mentioned problems, the initial state is calculated when all processes are blocked,
waiting for events to happen. As a result of the initial
state calculation, a state-event condition which was
false in the old state may become true in the new
state in any of the processes. In this case a new discrete sub-phase resumes at the very same time point,
followed again by a new initial state calculation.
Between two initial state calculations, the state
may become inconsistent. This, however does not
lead to modelling problems. Since all variables of the
processes are local, the processes work with an independent local copy of the last consistent state. In this
way, the behaviour of the processes depends only on
the local variables (and data that is sent explicitly
via discrete channels), which makes reasoning about
them much easier.

3.3 Phase length

A discrete phase begins, when one or more processes
become active. The end of a discrete phase (and the
number of the sub-phases) is determined implicitly:
a discrete phase ends when a consistent initial state
is established in which all processes are blocked.
The length of the continuous-phase is limited by
the smallest time-out. The continuous phase ends
before that if a) the valid set of the DAEs is changed
or b) a state-event condition becomes true in one of
the processes.
In practice, the length of the continuous phase that
can be simulated is lower bounded by the minimum
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stepsize of the DAE solver. Therefore, if at the beginning of a new continuous phase the minimum of the
pending time-outs is found to be closer to the current time point than the minimum stepsize, the next
discrete phase is executed at the current time point
(without changing the current time). This situation
often occurs in big models, where events of di erent
processes nearly coincide. Note, that in this case the
simple solution of advancing the time is not feasible,
because this may lead to numerical inconsistency.

4 THE  SIMULATOR
This section treats the algorithm implemented by the

 simulator. Here only the hybrid behaviour is de-

tailed. Process scheduling within one sub-phase is
described in [Naumoski and Alberts, 1998].
The algorithm is as follows.

 := 0;
Initialize;
InitialStateCalc;
CheckOnActive; 1h
while (actives 6= ; and   endtime) f
while actives 6= ; f
Execute; 2h
InitialStateCalc; 3h
CheckOnNabla; 4h

g

nextpoint := min (MinDelta ; endtime ); 5h
if (nextpoint <  +solverminstep) f
CheckOnDelta(nextpoint);
if (actives = ;) f  := endtime; g

g

else if Hybrid fSolve (nextpoint );
else f

 := nextpoint;

CheckOnDelta(nextpoint);

hg

6

CheckOnActive determines the active processes and
moves them from inactives to actives.
CheckOnDelta(t) moves the processes that are
blocked at a delta statement with a time-out
equal to t from inactives to actives.
CheckOnNabla checks the conditions of blocking
nabla statements. If any is found to be true,
the process it belongs to is moved from inactives
to actives.
Execute executes the non-blocking statements of the
processes in actives. During this operation processes can be moved from actives to inactives
and vice-versa. When Execute is nished, all
processes are blocked waiting for an event.
MinDelta returns the minimum of the time-outs.
endtime simulation endtime.
solverminstep minimum stepsize of the DAE solver.
Hybrid returns true if the model is hybrid i.e., not
pure discrete.
Solve(t) solves the DAEs until t. It monitors the
blocking nabla conditions and updates  . If any
found to be true, solving stops and the process it
belongs to is moved into actives. It also monitors
the conditions of the active conditional equations. When any becomes false, solving stops
and fInitialStateCalc; CheckOnNabla;g is executed.

In the next section, operation of the algorithm is
explained by referring to the breakpoints 1h... 6h.

5 EXAMPLE

To illustrate how the  simulator works, consider the
following control system.
g
proc Tank(h :  [m]
; c : ? int ; s : ? real; k; A : real) =
The algorithm uses two sets: actives which con- j[ V :: [m3 ] ; h :: [m] ; Qo :: [m3 =s] ; Vadd : real ; n : int
tains the active processes, and inactives which con- ; V ::= 10; n := 0
tains the inactive processes. The current simulation j h  h
p
time is denoted by  . The following operations are j V 0 = n  Qo ; V = A  h; Qo = k  h
used by the algorithm.
j [ c ? n
! skip
[] s ? Vadd ! V ::= V + Vadd
Initialize { executes the initialization block of each
]
process:
]j
foreach p in inactives f ExecuteInit(p); g
proc Supply (s : ! real)=
InitialStateCalc calculates the initial state.
j[ [ 1h10; s ! 30 ] ]j

g
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proc

6 CONCLUSIONS

Control(h :  [m]
; c : ! real ; hmax ; hmin : real) =

j[ h :: [m]
j h h
j [ 1hrh > hmax ; c ! 1; 2hrh < hmin ; c ! 0 ]
]j

In the  language initial state calculation takes place
when all processes are blocked. Therefore, no additional language constructs are needed to indicate
when initial state calculation is required, which keeps
the language small and easy to use. Furthermore,
continuous variables that are being changed - either
by means of assignment statements, or as a result
of the initial state calculation - cannot be used in
other processes because: a) variables are local to processes and b) when the initial state calculation actually changes the variables, all processes are blocked.

Process Tank represents a tank lled with some
substance. Variables V and h denote the volume and
the height of the substance respectively. The tank has
an outlet with a valve. The outgoing ow is denoted
by Qo. The substance is entered by process Supply
in discrete doses, represented by a discrete communication over channel s. Process Control controls the
level of the substance in the tank. If it exceeds a
maximum level hmax the outlet is opened, if it drops
under a minimum level hmin the outlet is closed.
[Barton, 1992] Barton, P. (1992). The Modelling and
The system is initialized with the following param- Simulation of Combined Discrete/Continuous Proeters:
cesses. PhD thesis, University of London.
[Barton
and Pantelides, 1994] Barton, P. and Pantelides,
syst S =
C.
(1994).
Modeling of combined discrete/continuous
j[ h :  [m] ; c : !? int ; s : !? real
processes.
AIChE
, 40(6):966{979.
j Tank(h; c; s; 1 ; 2:5) j Supply(s)
[Hoare, 1985] Hoare, C. (1985). Communicating Sequenj Control(h; c; 15 ; 4)
tial Processes. Prentice-Hall, Englewood-Cli s.
]j
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breakpoint variables
actives
h
10; 0 4; 2; 4 0
;
1
nextpoint = 10
;
5h
10; 0 4; 2; 4 0
Supply 1h
6h
40; 0 4; 2; 4 0
;
2h
h
40
;
0
16
;
4
;
16
0
;
3
h
40
;
0
16
;
4
;
16
0
Control
4
1h
h
40
;
0
16
;
4
;
16
1
;
2
40; 4 16; 4; 16 1
;
3h
40; 4 16; 4; 16 1
;
4h
nextpoint = 20
;
5h
10; 4 4; 4; 4 1 Control 2h
6h



0
0
10
10
10
10
10
10
10
10
17:5

Table 1: Example trace
At time point 10 there is a discrete event with
two sub-phases. The supplier adds 30 m3 substance
(fourth row). The increase in the height of the tank
is detected by the control process after the new initial
state has been calculated (sixth row).
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